A module M over a ring R is said to be purely Rickart if the right annihilator in M of each endomorphism ring of a module M is a pure submodule of M. Purely Rickart module is a proper generalization of Rickart module. Some properties of the purely Rickart module are investigated. Also, we prove that the ring nxn matrix over R is a purely Rickart ring if and only if R is a weakly n-semiherditary ring. Every n-generated projective module is purely Rickart if and only if the free R-module R (n) is a purely Rickart. Others results are provided in this paper.
Introduction
Throughout this paper, all rings are associative with identity and all modules are unitary right R-modules. A ring R is a right PP (resp.PF) ring if every principal right ideal is projective (resp. flat). Left PP (resp. PF) is defined in a similar way. These concepts are introduced by A. Hattori [2] . A ring R is a right PP (resp. PF) ring if and only if the right annihilator of each element in R is a direct summand (resp. pure) in R [5] . An ideal I of a ring R is right (left) pure in R if for each element a∈I there is b∈I such that a=ab (ba) [12] . P.M. Cohn generalized the definition of purity for abelian group to a pure submodule. A submodule P of a module M is pure if and only if the sequence 0→ P⨂E → M⨂E is exact for all left modules E [5] . Also, Fieldhouse [5] generalized the Von Neumann regular ring to a Von Neumann regular module. A module M is said to be Von Neumann module if and only if every submodule of M is pure. A ring R is said to be (quasi-, right p.q.-) Baer if the right annihilator of every (right ideal, principal right) nonempty subset of R is generated (as a right ideal) by an idempotent of R [13] , [7] and [9] respectively. Left p.q-Baer is defined in a similar way. In [11] , L. Zhongkui and Z. Renyu, introduced a left APP-ring as a generalization of left p.q.-Baer rings and right PP-rings. A ring R is a left APPring if the left annihilator of every principle left ideal is right s-unital (an ideal I in R is s-unital if for each element a∈I there is an element x∈I such that ax=a) as an ideal of R. A. H. Al-saadi [3] introduced purely (quasi-)Baer modules as a generalization of (quasi-)Baer module. An R-module M is purely (quasi-) Baer if the right annihilator of every (two sided) left ideal I of S=EndR(M) is pure in M. In this paper, we introduce purely Rickart modules as a generalization to purely (quasi-) Baer modules and Rickart modules. A module M is purely Rickart if the right annihilator in M of each endomorphism of M is a pure submodule of M. This class contains the class of Von Neumann regular, semisimple and Rickart modules (the right annihilator in M of each endomorphism of M is a direct summand of M [8] ). We will refer to the endomorphism ring of a right R-module M by S=EndR(M), the right (left) annihilator of each element α∈S in M by rM(α) ={m∈M⎹ α(m)=0}( ℓM(α) ={m ∈ M⎹ mα = 0}) and the right annihilator of each element a in a ring R is rR(a) ={ r∈R⎹ ar =0}. Also, we will refer to a (not) pure submodule by (≰ ) ≤ .
Purely Rickart modules
We introduce the following definition Definition 2.1. A module M is said to be purely Rickart if kerα = rM (α) is a pure submodule of M for each α ∈S = EndR(M). A ring R is right purely Rickart if RR is purely Rickart module. Proof. Let M1 and M2 be two modules such that M1 is a purely Rickart and there is an isomorphism β: M1→M2. Let Si = EndR (Mi) for i =1,2. Define: S1→S2 by (g)=βgβ -1 for each g ∈S1. Since βis an isomorphism, then so is . Let α∈S2 .We are finished if we can prove β (r
Remarks
Homomorphic image of a purely Rickart module may be not purely Rickart. In fact, the Z-module Z is purely Rickart while an epimorphic image Z4 of Z is not purely Rickart as Z-module. For that: let f: Z4→Z4 defined by f(1 ̅ )= 2 ̅ . Then r z 4 (f) = { 0 ̅ , 2 ̅ } is not pure submodule of Z4.
A submodule of a purely Rickart module may be not purely Rickart in general. For example the Z-module Q⨁Z2 is purely Rickart while the submodule Z⨁Z2 is not. In fact, if one takes α: Z⨁Z2→ Z⨁Z2 defined by α(a, b ̅ ) = (0 , a ̅), then kerα = 2Z⨁Z2 is not pure submodule in Z⨁Z2 where 2Z is not pure in Z. Therefore Z⨁Z2 is not purely Rickart sumodule. • Recall that a module M is pure split if every pure submodule of M is a direct summand [6] . Clear that every semisimple is pure split, the Z-module Z is pure Proof. Suppose that M is a cyclic C.F. module and α ∈ S= EndR (M). Then Imα is cyclic submodule of M. So, Imα is a flat submodule of M. Since α is an arbitrary endomorphism of S, then from Corollary (2.9), M is a purely Rickart module.
Proof. Follows
• A module P is said to be pure projective if and only if for any pure exact sequence 0→N→M → F→ 0, the induced sequence 0→ Hom(N,P) →Hom(M,P) → Hom(F,P) → 0 is exact [5] . Proof. Suppose that each of Mi (i∈I) is purely Rickart module. Let M = ⨁ i∈I Mi, S=EndR(M) and α = (αij) ∈ S be arbitrary where αij ∈ HomR(Mj,Mi). Since Mi is fully invariant for each i∈ I then HomR (Mi, Mj) = 0 for each i ≠ j and α (Mi) ≤ Mi for each i∈ I. Since rM (α) = ⨁ i∈I r M i (αii), then by Proposition(2.15) M is purely Rickart module. The converse follows from Proposition (2.4).
• Let R be a Commutative ring and M be an R-module. Then the idealization of a module M (R (+) M for short) is a commutative ring with multiplication (r1,m1)(r2,m2) = (r1r2, r1m2+r2m1) [4] . Proof. Follows the fact, in a Noetherian ring, a pure ideal and a direct summand ideal are equivalent [12, proposition 1.1.14].
• Freser and Nicholson in [10] proved that a ring R is a left PP ring if and only if for any nonempty X ≤ R then a ∈ r(X)a for all a∈r(X). We will analogous this resulted in the following.
Proposition 2.20. For a ring R the following conditions are equivalent 1. R is a right purely Rickart 2. For all finitely generated left ideal J of R, the right annihilator of J in R is a pure in R as a right ideal. 3. For all finitely generated ideal J and a finite set {x1,…, xn} ≤ rR(J), there is b∈ rR(J) such that xi = xib for all i= 1,…n.
Proof. Clearly that 3⇒2⇒1. 1⇒2) Suppose that R is a purely Rickart ring and J is a left ideal in R generated by {x1, x2, … , xn}. Then rR(J) = ⋂ r R (Rx i )
. Since R is a purely Rickart, then for each 1≤ i ≤ n, rR(xi) ≤ P R. Now, if b ∈ rR (J) then there exists ci ∈ rR(xi) for each 1≤ i ≤ n such that b = bci. Put c = c1c2…cn ∈ ⋂ r R (x i ) n i=1 = rR(J). Then b = bc ∈ brR(J). (2⇒3) If n=1, then by (2), the proof is complete. When n >1 one can choose yn ∈ rR (J) such that xn= xnyn and zi = xi -xiyn for i= 1,…, n-1. Proceeding inductively, we can find ́ ∈ rR (J) such that zi = ziý for each i = 1,…,n-1. Now, put y = ́ + yńyn ∈ rR (J). It's clear that for each i = 1,…,n, xi= xiy.
• Recall that a ring R is weakly n-semihereditray if each n-generated left (and/or right) ideal is flat [14] . Theorem 2.20. For a ring R and a fixed positive integer n, the following conditions are equivalent 1. Every n-generated projective right R-module is a purely Rickart. 2. The free R-module R (n) is a purely Rickart.
